COMPARISON OF CERTAIN COMPLEXES OF MODULES OF 
GENERALIZED FRACTIONS AND CECH COMPLEXES 

R. TAJAROD, H. ZAKERI* 

Abstract. We establish an explicit quasi-isomophism of complexes, which is homogeneous 
in graded situation, from a given Cecil complex of modules of generalized fractions. 



Introduction 

Throughout this note, A is a commutative Noetherian ring with non-zero identity and M 
is a finitely generated j4-module. 

One of the popular approaches to the construction of the local cohomology modules uses 
cohomology of Cech complexes. In this note we establish explicit isomorphisms between the 
homology modules of a given Cech complex of M and the corresponding homology modules of 
a certain complex of modules of generalized fractions. For a sequence xi,...,x n of elements 
of A, we shall use C(x,M)' to denote the Cech complex of M with respect to x\, . . . ,x n . 
The reader is referred, for example, to ^ §5] for the construction of Cech complexes. As we 
mentioned above, this note is also concerned with a certain complex C(H(x), M) of A-modules 
and A-homomorphisms which involves modules of generalized fractions derived from M and 
the sequence x%, . . . , x n . The complex is described as follows: 
for each i G N (throughout we use N to denote the set of positive integers) set 



U(x)i = \ (a^V",^ 



there exists j with < j < i such that a\, aj G N, 

and Oj+i = • • ■ = on = 



where x r is interpreted as x n whenever r > n. Then, for each i € N, U(x)i is a triangular 
subset [3 2.1] of A 1 . We can jSJ page 420] form the complex 

M > U{x)l 1 M ^ ... — >[/(x)-*M U{x)^ x M — * . . . 

of ^4-modules and ^4-homomorphisms, which we denote by C(il(x), M). Here U(x)~ l M is the 
module of generalized fractions of M with respect to the triangular subset U(x)i of A 1 , and 
the homomorphisms e 1 (for i > 0) are given by the following formulas: 
e °(b) = tjj for all b G M and, for each i G N, 

(-!)*& 



Xx?,...,x?)J (x?,...,x?,l) 
for all b G M and (x%\ . ..,x°')e U{X)i. 
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It is well known that the homology modules of the complex C(x,M) m are, up to A- 

n 

isomorphisms, independent of the choice of sequence of generators for the ideal o = ^Axi. 

Thus, to establish the main result of this note, without loss of generality, we may choose 
a better generating set for the ideal a. Indeed, with that choice of x±,...,x n (see proposi- 
tion we w hl establish a quasi-isomorphism from the complex C(x,M) 9 to the complex 
C(il(x), M), which is homogeneous in the graded situation. This result provides, perhaps, a 
simpler method to compute the homology modules of the the Cech complex C(x, M)*. 

1. The results 

Throughout this paper a is an ideal of A. For a submodule N of M, we set 

N :m o°° := {m £ M a T m C N for some r G N}. 

We recall the definition of a filter regular sequence. A sequence xi, . . . , x n of elements of a is 
called an a-filter regular sequence on M if 

(j2 Ax t) M -m x i+ i C NT Ax t ^j M : M a°° 

H=l ' \=1 ' 

for all < % < n. When such property holds in any order, we will say that the sequence 
xi, . . . , x n forms an unconditioned a-filter regular sequence on M . Note that 
poor M-sequence (3 pp. 39] if and only if it is an ^4-filter regular sequence on M. Also, 
note that if x%, . . . , x n is an a-filter regular sequence on M, then x\, . . . , x n _; is a poor M Xn - 
sequence, where M Xn is the ordinary localization of M with respect to x n . 

The following characterization of filter regular sequences is included here for the reader's 
convenience. 

Proposition 1.1. 2.2] Let x±, . . . ,x n be a sequence of elements of a. Then the following 
statements are equivalent: 

(i) x\, . . . , x n is an a-filter regular sequence on M. 

(ii) x\, . . . ,x n is a poor Mp-sequence for all P G Supp(M) with a P. 

(iii) x* 1 , . . . , x l ™ is an a-filter regular sequence on M for all positive integers t\, . . . , t n . 

As we mentioned in the introduction, to prove the main result of this note, we need to 
choose a better generating set for the ideal a. The following proposition indicates the choice. 

Proposition 1.2. Suppose that a is generated by n elements. Then a has a sequence of 
generators of length n which forms an unconditioned a-filter regular sequence on M. 

n 

Proof. Let a = ^Aat- Suppose, inductively, that i is an integer with < i < n and it has 

t=i 

been proved that there exists an unconditioned a-filter regular sequence on M of length i, say 

i n 

Xi,...,Xi, such that a = ^2Ax t + Yl Aa t . This is certainly the case when i = 0. Set 

t=l t=i+l 

T = {P | a <£. P and P G Ass(M/X> t M) for some I C {1, ...,«}}. 

tei 
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Then, by theorem 124], there exists Xi+i G a such that Xj+i g" P and that 

i n 

Xi+i - a i+ i G y^Axt + ^ Aa t . 

t=l t=i+2 

Now, it follows from [1J 2.1] that xi, . . . , Xj+i is an unconditioned a- filter regular sequence on 
M. This completes the inductive step and the result is proved by induction. □ 



Let x±, . . . ,x n be a sequence of elements of A and let a = Axi. Write the complexes 

i=i 

C(x,M)\ and C(il(x),M) as 

^ C{x, M)° -A C(x, M) 1 -A . . . — >C(x, M f -A C(x, M) i+1 — ► . . . 

and 

M U{x)- l M — vUixtfM U(x)-p[ l M — ► . . . 

respectively. Note that, in view of [7J 3.3 (ii)] and [HI 2.1], U(x)^ i M = for all i > n. For 
each k € N, there is an j4-homomorphism 

6 k x : C{x,M) k — » U(x)~ k M 

which is such that, for all m € M and a £ N, 



m 



if = (l,...,fc) 



^ VO^l)? • • • , x i(k)) a J [0 otherwise. 
Let #2 be the identity map of M and put l x = for all i > n. Then 

6,. = (0£)i> o : C(x,M)" — » C(il(x),M) 

is a homomorphism of complexes. For each i > 0, let : Ker/yim/ 4-1 — > Kereyime 1-1 
denote the homomorphism induced by Gv 

Lemma 1.3. 6™* is an isomorphism. 

Proof. Clearly 9™* is surjective. Suppose that a G M and a £ N are such that 

9 K Im/ "~' + (^r^r)=° 

Then there exist b £ M and (3 G N such that 

a 6 



in U{x)~ n M. Hence, by jH 1.7], there exists <5 € N with 5 > max{a, (3} such that 



n-1 

<S-a 8-a _ 8~(3 8-/3 8 h , ST^ 8 
x 1 . . . x n a — x 1 ... x n _^x n o + 2 2-1 7 

i=l 
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for some mi, . . . , m n _\ G M. Therefore, in C(x, M) n , we have 

a _ x\ . . . x° n a a _ x x H . . . x n _[x n b ^ ijm. 



(xi...x n ) a (x 1 ...x n ) 5 (x 1 ...x n ) 5 ^(xi...x n ) s 

_ fn -i( rm -m 2 (-l)"- 2 mn-i (-l)"" 1 ^ ■ . . x S ~_{b 

\ (xt . . . x n ) 5 ' (xix 2 ■ ■ ■ x n ) s ' " ' ' (xi . . f (a?i.. 

where the character with " means that it is deleted, as required. □ 

As we have mentioned in the introduction, the main purpose of this note is to establish a 
quasi-isomorphism from the complex C(x, M)* to a certain complex of modules of generalized 
fractions. Since the homology modules of C(x, M)° are independent of the choice of sequence 

n 

of generators for the ideal a = ^Axi, we may assume, in view of the proposition 11.21 that 

x\,...,x n is an o-filter regular sequence on M. Indeed, under such assumption, we shall 
prove, by induction, that Q x is a quasi-isomorphism. The next lemma provides a basis for 
that induction. 

Lemma 1.4. Let x±,X2 be an a = Ax\ + Ax2-filter regular sequence on M. Then Q x is a 
quasi-isomorphism. 

Proof. In view of lemma IT31 the only non-trivial point is the proof that 6 X * is an isomorphism. 
To show that 9 X * is injective, let 9 x *(lmf° + (fi, = 0. Then, in view of 1.7], there 
exist 7 G N and b G M such that 

xj( ai - xfb) = 0. (1) 

Now, since X\,X2 is an a-filter regular sequence on M, it follows from (^Q), in view of propo- 
sition that x^ai — xfb) = for some 77 G N. Next, since (^i, G Ker/ 1 , we have 

(X1X2) 13 (xfci2 — x^ai) = for some /3 G N. Now, let v = max{ri,/3}. Then, using the above 
formulas and proposition ll.il it is easy to see that 

x T 2 +v {a 2 - xn*b) = (2) 

for some r G N. Now, it follows from Q and ® that (f^, fir) G Im/°. Therefore Ker(0^*) = 

0. " 1 2 □ 

Next we show that 6 X * is surjective. To do this, let G Kere 1 . Then, by 1.7], there 
exist (5 G N with 5 > a and b G M such that x{~ a x 5 2 a = x{b. Let y = (J*, Jr) G C(x, M) 1 . 
Then y G Ker f 1 and 0** (Im /° + Y) = Im e° + ^ , as required. 

Next, we establish the main result of this note. In the course of the proof of that result we 
shall need to use some local cohomology theory. For % > 0, we use H l b to denote the i-th right 
derived functor of the local cohomology functor with respect to an ideal b of A. Also, for a 
complex X of ^4-modules and ^4-homomorphisms, we use H l {X) to denote the i-th homology 
module of X. 

n 

Theorem 1.5. Let a = Y^Axi and suppose that x%, . . . ,x n is an a-filter regular sequence on 

i=l 

M. Then, with the above notations, 

Q x : C{x,M) 9 — ► C(U(x),M) 
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is a quasi-isomorphism. 

Proof. The proof will appear elsewhere. □ 



Remark 1.6. It should be observed that if M is a graded module over the graded ring A and 
U is a triangular subset of A n composed of homogeneous elements, then the module U~ n M 
of generalized fractions has graded structure as an ^4-module (see j2j) which is such that, 
for a homogeneous element b G M and (u±, . . . ,u n ) G U, the degree of the fraction ^— b u * 

n n 

is deg(6) — deg(iij). Thus, for an ideal a = ^Axi of A, if x\, . . . ,x n is a homogeneous 

i=i i=i 
a- filter regular sequence on M, then the homology modules of the complex C(il(x),M) have 

graded modules structure. On the other hand, it is standard to use the graded Cech complex 

C(x,M)* to define a grading on the local cohomology module H l a (M), for i > 0. However, 

since the quasi-isomorphism 0^ : C(x,M)' — > C(il(x),M) is homogeneous, the resulting 

gradings are always the same. Therefore one can compute the graded local cohomology 

modules H' l a (M) via modules of generalized fractions which is perhaps simpler than the use 

of Cech complex. 

The terms of the Cech complex C(x, A)* has the vanishing properties Tor^(C(x, A) k , M) = 
for all i > 1 and all k. The following theorem, which describes the behaviour of certain 
fraction formation along exact sequences, provides similar vanishing properties for the complex 
C(ii(x),A)*. 

r 

Theorem 1.7. Let — > N' — > N — > N" — > be an exact sequence of A-modules and A- 
homomorphisms and let U n be a triangular subset of A 11 such that, for each (x\, . . . , x n ) € U n , 
the sequence x\, . . . , x n -\ is an a-filter regular sequence on N" and x n G a. Then the sequence 

— » U~ n N' U~ n N — » U~ n N" — » 

is exact. 

Proof. Let (cci, . . . ,x n ) G J7 n . In view of 3.5 and 2.9], it is enough to show that U~ n f is 
injective whenever U n = {(a?" 1 , . . . ,x^ n ) | «i, . . . ,a n G N}. We achieve this by induction on 
n(> 1). The case n = 1 is clear. Suppose, inductively, that n > 2 and the result has been 
proved for n — 1. Let m' G iV' and a G N be such that 



/(m') 



V x l ) • • • i ^n) 



in U n n N . Then, by (HI 1.7], there exists 5 G N with 5 > a and mi, ■ ■ ■ , m n _\ G N such that 

x 1 !" . . . xf l ~ a f(m') = x\mi + . . . + x^ n _ x m n -\. Next, using the above equality in conjuction 

n-2 

with the notion of filter regular sequence, one can see that x^m n _i — /(c) G x\N for some 
c €z N' and 7 G N. It therefore follows that 



n-2 



S—aj+S—a 



■ ■ ■ X n—l X n 



f(m')-x 6 n _J(c)eJ2 x i N - 



i=l 
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Hence, in view of 3.3 (ii)] and the inductive hypothesis, 

-y+8-a / 8 



V x l ) • • • J x n-l/ V x l; • • • ) x n-l) 



in U-^N'. Thus (xa ™ xa) = by 2.1], as required. □ 



Consequence 1.8. Let U be a triangular subset of A n which consists entirely of a-filter 
regular sequences on M and A. Then Torf(JJ~ n A, M) = for all i > 1. 

Proof. Consider a finite free resolution for M and use the natural equivalence of functors 
U~ n A (g) — = U~ n in conjunction with theorem 11.71 to deduce the result. □ 
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